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1 Introduction

A large body of literature has documented an increase in wage inequality over the 1970’s and 1980’s (see,

for example, Levy and Murnane, 1992). This increase in wage inequality has occurred both within and

between education-experience groups. While the former unfolds during the 1970’s, the latter is experienced

over the 1980’s. Recent studies show that these trends are weakened in the 1990’s.

The analysis of Juhn, Murphy, and Pierce (1993) links the increase in wage inequality to technological

progress. As technology advances the demand for ability grows at a faster pace than its supply causing

skill prices to increase and the wage gap between skilled and unskilled workers to widen. To arrive to this

conclusion they map quantiles of the distribution of the residuals in log wage equations to quantiles of the

distribution of ability. This is possible provided the following four conditions hold: 1) there is one, and

only one, type of unobserved ability; 2) the distribution of this ability across individuals is invariant over

time; 3) there are no unantecipated shocks in earnings so that the economy is described by a deterministic

environment; 4) wages are measured without error.

Regarding the first condition, Heckman and Rubinstein (2001), Carneiro and Heckman (2003), and

Heckman, Stixrud, and Urzua (2006) have shown that abilities are multiple in nature. These abilities may

be combined in different quantities to produce the same outcome. For example, an individual with low
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stocks of cognitive ability but a considerable amount of persistence can be more successful than a smart

person with no motivation. Hence, the one-to-one mapping from quantiles of the distribution of wage

residuals to quantiles of the distribution of abilities is not meaningful.

The evidence presented by Gottschalk and Moffitt (1994) challenges the view that the distribution of

ability has remained fixed over time. They show substantial increase in the variance of the distribution of

unobserved heterogeneity when they compare the period 1970-1978 to the period 1979-1987.

Finally, Gottschalk and Moffitt (1994) documented an increase in “earnings instability”: the variance of

temporary shocks rose considerably from the period 1970-1978 to the period 1979-1987. Thus, their findings

is consistent with uncertainty playing an important role in the economic environment that generated the

increase in wage inequality.

All in all, any credible explanation for the rise in wage inequality has to consider the fact that individuals

possess an array of abilities, that the joint distribution of these abilities could be changing over time,

and that uncertainty is a major reality in the economic environment. In this paper, we build on the

work of Carneiro, Hansen, and Heckman (2003) and Cunha, Heckman, and Navarro (2005) to separate

heterogeneity from uncertainty in labor earnings and show how they have evolved over time. The essential

idea is to model schooling and earnings equations jointly to identify the information set of the agent at

the time of the schooling choices were made. Modelling schooling choices is not merely an econometric

procedure to correct for selection in observed earnings. It is the source of information that allow us to

separate what is known and acted on by individuals at the time the schooling choice is made (which we

call heterogeneity) from what is not known (which we call uncertainty). Our approach can be viewed as

an extension of the Granger-Sims causality test (in which future outcomes cause present decisions) to an

economic setting where estimation of counterfactual outcomes must be made.

The intuition of our approach can be made clear in a few paragraphs. We seek to decompose the

“returns” coefficient or the gross gains from schooling in an earnings-schooling model into components

that are known at the time schooling choices are made and components that are not known. For simplicity

assume that, for person i, returns are the same at all levels of schooling. Write discounted lifetime earnings

of person i, Ei, as

Ei = α + ρiSi + Ui, (1)

2



where ρi is the person-specific ex post return, Si is years of schooling, and Ui is a mean zero unobservable.

We need to separate ρi into two components ρi = ηi + νi, where ηi is a component known to the agent

when he/she makes schooling decisions and νi is revealed after the choice is made. Schooling choices are

assumed to depend on what is known to the agent at the time decisions are made, Si = λ (ηi, Zi, τ i), where

the Zi are other observed determinants of schooling and τ i represents additional factors unobserved by

the analyst but known to the agent. Both of these variables are in the agent’s information set at the time

schooling choices are made. We seek to determine what components of ex post lifetime earnings Yi enter

the schooling choice equation.

If ηi is known to the agent and acted on, it enters the schooling choice equation. Otherwise it does not.

Component νi and any measurement errors in Ei should not be determinants of schooling choices. Neither

should future skill prices that are unknown at the time agents make their decisions. If agents do not use ηi

in making their schooling choices, even if they know it, ηi would not enter the schooling choice equation.

Determining the correlation between realized Yi and schooling choices based on ex ante forecasts enables

economists to identify components known to agents and acted on in making their schooling decisions. Even

if we cannot identify ρi, ηi, or νi for each person, under conditions specified in this chapter we can identify

their distributions. The question is how to pick the information set.

Suppose that the model for schooling can be written in linear in parameters form:

Si = λ0 + λ1ηi + λ2νi + λ3Zi + τ i, (2)

where τ i has mean zero and is assumed to be independent of Zi. The Zi and the τ i proxy costs and may

also be correlated with Ui and ηi and νi in (1). In this framework, the goal of the analysis is to determine

the ηi and νi components. By definition, λ2 = 0 if νi is not known when agents make their schooling

choices.

The method developed by Cunha and Heckman (2006) and Cunha, Heckman, and Navarro (2005, 2006)

exploits the covariance between S and the realized Yt to determine which components of Yt are known at

the time schooling decisions are made. It explicitly models selection bias and allows for measurement error

in earnings. It does not rely on linearity of the schooling model. Their method recognizes the discrete

nature of the schooling decision. It builds on the modern literature on constructing counterfactual schooling
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models.

Use this paragraph to describe our main findings.

Use this paragraph to explain how the paper is organized.

2 The Economic Model

2.1 The Problem of the Agent

We describe an uncertain economy populated with I individuals. Each individual lives for T periods.

Before any uncertainty is realized, agents choose their schooling level and how to allocate consumption

across states of nature and over time. Individuals supply labor inelastically, but their labor productivity

is subject to idiosyncratic uncertainty. The variance of labor productivity can vary across schooling levels

and over time, but agents can protect themselves against this uncertainty because they have access to a

complete set of Arrow-Debreu securities. In order to obtain the solution of the model we first compute the

solution to the consumption allocation problem for each possible schooling level of the agent. Next, we

solve the schooling choice problem taking as given the consumption allocation in each schooling level.

2.1.1 The Consumption Allocation Problem

In each period t there is a realization of a stochastic event ωt ∈ Ω. Let the histories of events up to and

until time t be denoted ωt = {ω1, ω2, . . . , ωt} . We use πt (ωt) to denote the unconditional probability of

observing a particular sequence of events ωt. This history ωt is publicly observable.

Agent i’s labor productivity is stochastic. We use Yi,s,t (ωt) to denote the labor productivity of an

individual i who has schooling level s given history ωt. We denote by S = {0, 1} the set of possible

schooling levels that the agent can choose. In our empirical study, S = 0 indicates an individual who is a

high-school graduate while S = 1 indicates an individual who is a college graduate.

Let ci,s,t (ωt) denote the consumption of an agent i with schooling level s at period t given history ωt.

Consumption goods can be produced according to a constant returns to scale technology that depends

only on aggregate labor. Consequently, the price of the consumption good is the same as the price of labor

at all periods t for all possible histories ωt. In each period, at each state of nature, the feasibility condition
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is such that: X
s∈S

X
i∈s

ci,s,t

¡
ωt

¢
=

X
s∈S

X
i∈s

Yi,s,t

¡
ωt

¢
We assume that there is neither aggregate uncertainty nor deterministic trends in labor productivity so

that: X
s∈S

X
i∈s

Yi,s,t

¡
ωt

¢
= Ȳ for all t and ωt

Let qt (ωt) denote the price of an Arrow-Debreu security that delivers one unit of period-t consumption

good if the history ωt is realized and zero otherwise. The consumption allocation problem of the agent is:

V (s) = Max
TX

t=1

X
ωt

µ
1

1 + ρ

¶t

πt

¡
ωt

¢
u

£
ci,s,t

¡
ωt

¢¤
(3)

subject to:
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t=1

X
ωt

qt
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ωt

¢
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¡
ωt

¢
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TX
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X
ωt
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¡
ωt

¢
Yi,s,t

¡
ωt

¢
(4)

Let λi,s denote the Lagrange multiplier associated to the budget equation of an agent i with schooling level

s. The first-order condition is:

λi,sqt

¡
ωt

¢
=

µ
1

1 + ρ

¶t

πt

¡
ωt

¢
u0

£
ci,s,t

¡
ωt

¢¤
Because there is no aggregate uncertainty, the equilibrium consumption allocation must be such that

ci,s,t (ωt) = ci,s for all period t and possible history ωt. Consequently:

qt

¡
ωt

¢
=

µ
1

1 + ρ

¶t

πt

¡
ωt

¢ u0 [ci,s]

λis
(5)

Replacing (5) into (4) one obtains:

ci,s = A (ρ, T ) Yi,s (6)

where Yi,s = E

∙P
t

³
1

1+ρ

´t

Yi,s,t

¯̄̄̄
I

¸
and A (ρ, T ) =

(1−( 1
1+ρ))

( 1
1+ρ) 1−( 1

1+ρ)
T+1 .
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2.1.2 The Schooling Decision Problem

Given the solution to the consumption allocation problem, we can compute the lifetime utility of an agent

that chooses s years of schooling by replacing (6) into (3):

Vi (s) =
1

A (ρ, T )
u [A (ρ, T ) Yi,s]

Let C̃i denote the (unobservable) psychic costs associated with schooling choices. An agent chooses to go

to college, i.e., s = 1, if, and only if:

E
n

Vi (1) − Vi (0) − C̃i

¯̄̄
I

o
≥ 0

or
1

A (ρ, T )
E {u [A (ρ, T ) Yi,1] − u [A (ρ, T ) Yi,0] − Ci| I} ≥ 0,

where Ci = A (ρ, T ) C̃i. At this point we should stress that given data on schooling choices and earnings,

we can’t separate the role of the utility function u from the role of unobservable heterogeneity in schooling

preferences (captured by the psychic costs) Ci. To see this, suppose that we observed Ci. Then, holding

Ci fixed, we would be able to infer preferences for consumption by looking at their schooling choices and

earnings. However, because we do not observe Ci, we cannot compare people by holding Ci constant.

Consequently, we cannot hope to identify both utility function u and psychic costs Ci. Because of this fact,

we normalize the utility function u (x) = x. Under this normalization, the schooling choice becomes:

E

(X
t

µ
1

1 + ρ

¶t

Yi,1,t −
X

t

µ
1

1 + ρ

¶t

Yi,0,t − Ci

¯̄̄̄
¯ I

)
≥ 0

3 The Econometric Model

3.1 Model Specification

Our work consists on estimating the components of the information set of the agents. In particular, we

are interested in pinning down unobservable components which are known and acted on by the agents.
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We can recover these components by looking both at the choices and the outcomes associated with choices

made by the individuals.

3.1.1 Earnings Equations

To motivate our econometric procedures we start by describing the earnings equations. For t = 1, 2, . . . , T

we assume that (Yi,0,t, Yi,1,t) have finite means and can be expressed in terms of conditioning variables X

in the following manner:

Yi,0,t = Xiβ0,t + Ui,0,t, (7)

Yi,1,t = Xiβ1,t + Ui,1,t, (8)

The error terms Ui,s,t satisfy E (Ui,s,t | X) = 0.

3.1.2 Choice Equations

Write the index I as a net utility,

Ii = E

"
TX

t=1

µ
1

1 + ρ

¶t

(Yi,1,t − Yi,0,t) − Ci

¯̄̄̄
¯ I

#
, (9)

where Ci is the utility costs of attending college. We denote by Zi and UC,i the observable and unobservable

determinants of psychic costs, respectively. We assume that psychic costs can be written as:

Ci = Ziγ + UC,i (10)

If we define µI(Xi,Zi) =
PT

t=1

³
1

1+ρ

´t

Xi

¡
β1,t − β0,t

¢
− Ziγ and UI,i =

PT
t=1

³
1

1+ρ

´t

(Ui,1,t − Ui,0,t) − UC,i,

and replace (7), (8), and (10) into (9) we obtain:

Ii = E [µI(Xi,Zi) + UI,i| I] . (11)

More generally, we define UI,i as the error in the choice equation and it may or may not include all future

Ui,1,t, Ui,0,t, or UC,i. Similarly, µI(Xi,Zi) may only be based on expectations of future Xi and Zi at the
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time schooling decisions are made. The schooling decision of the agents is such that:

Si = 1 if Ii ≥ 0; Si = 0 otherwise. (12)

3.1.3 Test Score Equations

Aside from earnings and choice equations we also estimate a set of cognitive test score equations. Let Mi,k,

k = 1, 2, . . . , K, denote the agent i’s score on the kth test. Assume that Mi,k have finite means and can be

expressed in terms of conditioning variables XM . Write:

Mi,k = XMβM
i,k + UM

i,k (13)

The test equations are introduced here because we expect both the decision to graduate from college and

realized earnings to depend on the stock of cognitive skills the agents has at the time of the schooling

choice.

3.1.4 Heterogeneity and Uncertainty

Consider the random variable college earnings Y1,t. It is only observed for the agents who choose to graduate

from college. Consequently, from observational data, we can compute the the cross-sectional mean college

earnings conditional on explanatory variables X and S = 1:

E [Y1,t|X, S = 1] = Xβ1,t + E (U1,t|X, S = 1)

Assume that X,Z, UC ∈ I. The event S = 1 corresponds to the event:

E [UI | I] ≥ −µI(X,Z)

Consequently, because E [Y1,t|X, S = 1] = E [Y1,t|X, E [UI | I] ≥ −µI(X,Z)] , we can establish that:

E [Y1,t|X, E [UI | I] ≥ −µI(X,Z)] = Xβ1,t + E (U1,t|X, E [UI | I] ≥ −µI(X,Z))
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It is interesting to separate two components. The first component, E [UI | I] , is used by the agent to make

schooling choices. This expectation is determined by the elements in the information set of the agent

which, in the end, influences their schooling decision.

The second component, UI− E [UI | I] , does not affect selection into schooling. To see why, add and

subtract E [UI | I] on the schooling choice equation:

I = E [µI(X,Z) + UI − E [UI | I] + E [UI | I]| I] =

= µI(X,Z) + E [UI | I] + E [ (UI − E [UI | I])| I] = µI(X,Z) + E [UI | I]

because E [(UI − E [UI | I])| I] = 0.

Under the assumption that UC ∈ I we can write:

UI − E [UI | I] =
TX

t=1

µ
1

1 + ρ

¶t

(U1,t − E [U1,t| I]) +
TX

t=1

µ
1

1 + ρ

¶t

(U0,t − E [U0,t| I])

and it is easy to see that (Us,t − E [Us,t| I]) affects realized earnings. This can be seen by adding and

subtracting E [Us,t| I] to the earnings equation at school level s and period t :

Ys,t = Xβs,t + E [Us,t| I] + (Us,t − E [Us,t| I])

Consequently, we conclude that E [Us,t| I] affects both earnings and school choice equations while the term

(Us,t − E [Us,t| I]) affects only earnings in period t and school s equation. To determine the unobserv-

able components that are in the information set of the agent we need to determine which specification

of the information set I fits better the covariance between schooling choices and earnings. We can de-

termine the components that are not in the information set of the agent by varying the specification of

(Ui,s,t − E [Us,t| I]) while keeping fixed I, so we can get the best possible fit of the cross-section distrib-

ution of Ys,t. In the next section we describe how we use factor models to represent both E [Us,t| I] and

(Us,t − E [Us,t| I]) in a convenient framework.
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3.2 Factor Models

3.2.1 Test Score Equations

To demonstrate our approach to determining the elements in the information set of the agent, we start

by considering the test score equations. We break the error term UM
k in test score equations in two

components. The first component is a factor, θ1, that is common across all test score equations. The

second component is uniquely attached to test score equation k, εM
k . Consequently, we rewrite equation

(13) as

Mk = XMβM
i,k + αM

1 θ1 + εM
1 (14)

Following the psychometric literature, the factor θ1 is a latent cognitive ability which potentially affects

all test scores. We assume that θ1 is independent from XM and εM
k . The main advantage of modelling

test scores in this fashion consists in the fact that we are allowing test scores to be a noisy measure of the

cognitive skill.

3.2.2 Earnings and Choice Equations

We decompose the error terms in the earnings equations in three terms. The first term is the cognitive

factor θ1. The second term is a “productivity” factor θ2 which affects earnings and schooling choices, but

not test scores. The third term is the idiosyncratic error term which affects only the period-t schooling-s

earnings equation, εs,t. We rewrite equations (7) and (8) as:

Yi,0,t = Xiβ0,t + α0,tθi,1 + δ0,tθi,2 + εi,0,t (15)

and

Yi,1,t = Xiβ1,t + α1,tθi,1 + δ1,tθi,2 + εi,1,t (16)

We assume that the factor θj is independent from X, εs,t, and θl for l 6= j, for all s, t.

The cost equation is decomposed as the earnings equations, so that (10) can be rewritten as:

Ci = Ziγ + αCθi,1 + δCθi,2 + εC,i (17)
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Given the specifications with the factors in (15), (16), and (17) we can rewrite the school choice equation

as:

Ii = E

⎡⎢⎢⎣
PT

t=1

³
1

1+ρ

´t

Xi

¡
β1,t − β0,t

¢
− Ziγ + θi,1

∙PT
t=1

³
1

1+ρ

´t

(α1,t − α0,t) − αC

¸
+θi,2

∙PT
t=1

³
1

1+ρ

´t

(δ1,t − δ0,t) − δC

¸
+

PT
t=1

³
1

1+ρ

´t

(εi,1,t − εi,0,t) − εC,i

¯̄̄̄
¯̄̄̄ I

⎤⎥⎥⎦ (18)

3.3 The Estimation of the Components in the Information Set

We show how we can determine the unobservable components of the information set I of the agent at the

time of the schooling choice by exploring the convenient structure provided by the factor models. Assume

that X,Z, and εC are in the information set I. To save on notation, define:

αI =
TX

t=1

µ
1

1 + ρ

¶t

(α1,t − α0,t) − αC (19)

and

δI =
TX

t=1

µ
1

1 + ρ

¶t

(δ1,t − δ0,t) − δC (20)

Suppose we propose that {θ1, θ2} @ I, but εi,s,t /∈ I. Given the definitions of αI , δI and µI(Xi,Zi), if

the null hypothesis is true, the school index I is:

I = µI(Xi,Zi) + αIθi,1 + δIθi,2 + εC,i (21)

Assume, for a moment, that we know both µI(Xi,Zi) and βs,t for all s and t. Given observations on X and

Z we can obtain from the data the covariance between the terms I− µI(Xi,Zi) and Y1,1 −Xβ1,1. Under

the null, this covariance is equal to

Cov
¡
I − µI(X,Z), Y1,1 −Xβ1,1)

¢
= αIα1,1σ

2
θ1

+ δIδ1,1σ
2
θ2

. (22)

We can test the null {θ1, θ2} @ I against many different alternative ones. To fix ideas, consider the

alternative assumption that proposes θ1 ∈ I, but θ2 /∈ I and that E [θ2| I] = 0. If the alternative is valid,

the school index (18) becomes:

I = µI(Xi,Zi) + αIθi,1 + εC,i (23)
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In this case, the covariance between the terms I− µI(Xi,Zi) and Y1,1 −Xβ1,1 satisfy:

Cov
¡
I − µI(X,Z), Y1,1 −Xβ1,1)

¢
= αIα1,1σ

2
θ1

, (24)

and the difference between the school index generated by the null and the alternative hypothesis is the

term δIδ1,1σ
2
θ2

that appears in (22) but not in (24). This insight allow us to redefine the test by generating

parameters ∆θ1 and ∆θ2 be such that:

Cov (I − µI(X,Z), Y1,1 − µ1(X)) − ∆θ1αIα1,1σ
2
θ1

− ∆θ2αIδ1,1σ
2
θ1

= 0

It is easy to see how we can rewrite the test in terms of ∆θ1 and ∆θ2. We conclude that agents know and

act on the information contained in factors 1 and 2, so that {θ1, θ2} @ I, if we reject both ∆θ1 = 0 and

∆θ2 = 0.

It remains to be shown that we can actually identify all of the parameters of the model, in particular,

the function µI(Xi,Zi), the parameters β and α in the test and earnings equations, the parameters δ

in the earnings equations, the distribution of the factors, Fθ, as well as the distribution of idiosyncratic

components Fε in test, earnings and cost equations. We show how to recover these objects from the data

in the next section.

3.4 Identification of the Model

We focus our discussion of identification on the normal case. See Carneiro, Hansen, and Heckman (2003)

for proofs of nonparametric identification of the distributions of the factors θ and uniquenesses ε.

3.4.1 Test Scores

To motivate our identification analysis we start by considering the test score equations. It is convenient to

do so because the test scores are available for all agents and are taken by the agent before he makes the

schooling decision. Therefore, we do not have to worry about selection issues when discussing identification

from test score equations. Three assumptions are crucial in securing identification through factor models.

First, the explanatory variables XM are independent from both θ1 and εM
k , for k = 1, . . . , K. Second, the
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factor θ1 is independent from εM
k , for k = 1, . . . , K. Third, the uniqueness εM

k is independent from εM
l for

any k 6= l, for k, l = 1, . . . , K. The first assumption allows us to conclude that βM
k can be consistently

estimated from a simple OLS regression of Mk against XM . Given knowledge of these parameters we can

construct differences Mk −XMβM
k and compute the covariances:

Cov
¡
M1 −XMβM

1 , M2 −XMβM
2

¢
= αM

1 αM
2 σ2

θ1
(25)

Cov
¡
M1 −XMβM

1 , M3 −XMβM
3

¢
= αM

1 αM
3 σ2

θ1
(26)

Cov
¡
M2 −XMβM

2 , M3 −XMβM
3

¢
= αM

2 αM
3 σ2

θ1 (27)

The left-hand side of (25) , (26) , and (27) can be computed straight from the data. The right-hand side

of (25) , (26) , and (27) is implied by the factor model. As is common in the factor literature, we need to

normalize one of the factor loadings. Let αM
1 = 1. If we take the ratio of (27) to (25) we identify αM

3 .

Analogously, the ratio of (27) to (26) allows us to recover αM
2 . Given the normalization of αM

1 = 1 and

identification of αM
2 , we rescue σ2

θ1
from (25). Finally, we can identify the variance of εM

k from the variance

of Mk −XβM
k . Because the factor θ1 and uniquenesses εk are independently normally distributed random

variables, we have identified their distribution.

3.4.2 Earnings and Choice Equations

To establish the identification of the objects of interest in earnings equations requires a little more work

because of the selection problem. It is at this stage of the problem that fixing the discussion on the

normally distributed factors and uniquenesses becomes convenient, as we can use the closed-form solutions

to reduce the identification problem to the identification of a few parameters.

We rely on four important assumptions to secure identification. First, all of the observable explanatory

variables X and Z are independent of the unobservable factors, θ1 and θ2, as well as uniquenesses εs,t for

all s, t. Second, θ1 is independent of θ2. Third, both θ1 and θ2 are independent of εC and εs,t for all s, t.

Fourth, εs,t is independent from εC and εs0,t0 for any pairs s, s0 and t, t0 such that s 6= s0 or t 6= t0. According

to the last three assumptions, all of the the dependence among U0,t, U1,t, and UC is captured through the
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factors θ1 and θ2, which, for simplicity, we assume that

⎛⎜⎝ θ1

θ2

⎞⎟⎠ ∼ N

⎛⎜⎝
⎛⎜⎝ 0

0

⎞⎟⎠ ,

⎡⎢⎣ σ2
θ1

0

0 σ2
θ2

⎤⎥⎦
⎞⎟⎠ ,

Because of the loadings αs,t, δs,t, αC , and δC the factors θ can affect U0,t, U1,t, and UC differently. Therefore,

by aadopting the factor structure we are not imposing, for example, perfect ranking in the sense that the

best in the distribution of earnings in sector s at period t is the best (or the worst) in the distribution of

earnings in sector s0 at period t0. When the schooling choice problem is analyzed under the factor model,

the joint distribution of the labor earnings Y0,t , Y1,t conditional on X is:

⎡⎢⎣ Y0,t

Y1,t

⎤⎥⎦ | X ∼ N

⎛⎜⎝
⎡⎢⎣ Xβ0,t

Xβ1,t

⎤⎥⎦ ,

⎡⎢⎣ α2
0,tσ

2
θ1

+ δ2
0,tσ

2
θ2

+ σ2
ε0,t

α0,tα1,tσ
2
θ1

+ δ0,tδ1,tσ
2
θ2

α0,tα1,tσ
2
θ1

+ δ0,tδ1,tσ
2
θ2

α2
1,tσ

2
θ1

+ δ2
1,tσ

2
θ2

+ σ2
ε1,t

⎤⎥⎦
⎞⎟⎠ . (28)

As a result, identification of the joint distribution F (Y0,t, Y1,t | X) reduces to the identification of the

parameters βs,t, αs,t, δs,t, σεs,t , and σ2
θj

for s = 0, 1; t = 1, . . . , T and j = 1, 2. From the observed data and

the factor structure it follows that:

E (Y1,t|X, S = 1) = Xβ1,t + α1,tE [θ1|X, S = 1] + δ1,tE [θ2|X, S = 1] + E [ε1,t|X, S = 1] (29)

The event S = 1 corresponds to the event I = E

µPT
t=1

³
1

1+ρ

´t

(Y1,t − Y0,t) − C

¯̄̄̄
I

¶
≥ 0. At this point

it is convenient to distinguish the role played by the factors θ from the one played by the uniquenesses

εs,t. In tune with our intuitive discussion, we need to have terms that will affect the covariance between

schooling and earnings equations by changing the components of the information set I, which is captured

by the term E (Us,t| I). We also need to have components that will affect earnings while holding constant

the information set I and the covariance between earnings and schooling, which is captured by the term

Us,t − E (Us,t| I). The former role will be played by the factors in the information set of the agent. The

latter will be played by the factors not in the information set of the agents as well as the uniquenesses εs,t.

Consequently, we will construct εs,t so that they satisfy the requirement εs,t /∈ I. As a result, we conclude

14



that:

E

Ã
TX

t=1

µ
1

1 + ρ

¶t

(Y1,t − Y0,t) − C

¯̄̄̄
¯ I

!
= µI(X,Z) + αIθ1 + δIθ2 − εC

Let η be the linear combination of three independent normal random variables: η = αIθ1 + δIθ2 − εC .

Then, η ∼ N
¡
0, σ2

η

¢
, with σ2

η = α2
Iσ2

θ1
+ δ2

Iσ2
θ2

+ σ2
εc and

S = 1 ⇔ η > −µI(X,Z) (30)

If we replace (30) in (29) and using the fact that εs,t is independent from X,Z, and θ, we can show that:

E (Y1,t|X, S = 1) = Xβ1 + α1,tE [θ1|X, η > −µI(X,Z)] + δ1,tE [θ2|X, η > −µI(X,Z)] (31)

Second, because θ1, θ2 and η are normal random variables we can use the projection property:

θj =
Cov (θj, η)

V ar (η)
η + νj for j = 1, 2 (32)

where νj is a mean zero, normal random variable independent from η. Because Cov (θ1, η) = σ2
θ1

αI and

Cov (θ2, η) = σ2
θ2

δI it follows that:

E [θ1|X, η > −µI(X,Z)] =
σ2

θ1
αI

σ2
η

E [η| η > −µI(X,Z)]

E [θ2|X, η > −µI(X,Z)] =
σ2

θ2
δI

σ2
η

E [η| η > −µI(X,Z)]

For any standard normal random variable µ, E (µ| µ ≥ −c) = φ(c)
Φ(c)

where φ (.) and Φ (.) are the density and

distribution function of a standard normal random variable. Define, for j = 0, 1, πj,t =
³

αj,tαIσ2θ1
+δj,tδIσ2θ2

ση

´
.These

facts together allow us to rewrite (29) as:

E (Y1,t| η ≤ −µI(X,Z)) = Xβ1,t + π1,t

φ
³

µI(X,Z)
ση

´
Φ

³
µI(X,Z)

ση

´ (33)
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It is easy to follow the same steps and derive a similar expression for mean observed earnings in sector “0”:

E (Y0,t| η > −µI(X,Z)) = Xβ0,t − π0,t

φ
³

µI(X,Z)
ση

´
Φ

³
µI(X,Z)

ση

´ (34)

We can apply the two-step procedure proposed in Heckman (1976) to identify β0,t, β1,t, π0,t and π1,t. Given

identification of βs,t for all s and t, we can construct the differences Ys,t−Xβs,t and compute the covariances:

Cov
¡
M1 −XMβM

1 , Y0,t −Xβ0,t

¢
= α0,tσ

2
θ1

(35)

Cov
¡
M1 −XMβM

1 , Y1,t −Xβ1,t

¢
= α1,tσ

2
θ1

(36)

The left-hand side of (??) is available from the data. The right-hand side is implied by the factor model

and its assumptions. We determined σ2
θ1

from the analysis of the test scores. So from equations (??)

and (??) we can recover α0,t and α1,t for all t. Note that we can also identify the αC
ση

by computing the

covariance:

Cov

µ
M1 −XβM

1 ,
I − µI(X,Z)

ση

¶
=

PT
t=1

³
1

1+ρ

´t

(α1,t − α0,t) − αC

ση
σ2

θ1
(37)

The argument why αC
ση

can be recovered is simple: Using (??) and (??) we can identify α1,t and α0,t for

all t.The only remaining term to be indentified is the ratio αC
ση

, which we can from the covariance equation

(??).

Note that if T ≥ 2 then we can also identify the parameters related to factor θ2, such as δs,t and σ2
θ2

.

To see this, first normalize δ0,1 = 1 and compute the covariances:

Cov
¡
Y0,1 −Xβ0,1, Y0,2 −Xβ0,2

¢
− α0,1α0,2σ

2
θ1

= δ0,2σ
2
θ2

(38)

Cov

µ
Y0,1 −Xβ0,1,

I − µI(X,Z)

ση

¶
−

α0,1σ
2
θ1

PT
t=1 (α1,t − α0,t − αC)

ση
=

σ2
θ2

PT
t=1 (δ1,t − δ0,t − δC)

ση
(39)

Cov

µ
Y0,2 −Xβ0,2,

I − µI(X,Z)

ση

¶
−

α0,2σ
2
θ1

PT
t=1 (α1,t − α0,t − αC)

ση
=

δ0,2σ
2
θ2

PT
t=1 (δ1,t − δ0,t − δC)

ση
(40)

On the left-hand side of (38), (39), and (40) are terms that we can compute from the data or have already

identified. If we compute the ratio of (40) to (39) we can recover δ0,2. From (38) we can recover σ2
θ2

. We
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now add the covariances from the college earnings:

Cov
¡
Y1,1 −Xβ1,1, Y1,2 −Xβ1,2

¢
− α1,1α1,2σ

2
θ1

= δ1,1δ1,2σ
2
θ2

(41)

Cov

µ
Y1,1 −Xβ1,1,

I − µI(X,Z)

ση

¶
−

α1,1σ
2
θ1

PT
t=1 (α1,t − α0,t − αC)

ση
=

δ1,1σ
2
θ2

PT
t=1 (δ1,t − δ0,t − δC)

ση
(42)

Cov

µ
Y1,2 −Xβ1,2,

I − µI(X,Z)

ση

¶
−

α1,2σ
2
θ1

PT
t=1 (α1,t − α0,t − αC)

ση
=

δ1,2σ
2
θ2

PT
t=1 (δ1,t − δ0,t − δC)

ση
(43)

Now, by computing the ratios of (43) to (41) and (42) to (41) we obtain δ1,2 and δ1,1 respectively. Finally, we

use the information in V ar (Y0,t|X, S = 0) and V ar (Y1,t|X, S = 1) to compute σ2
ε0,t

and σ2
ε1,t

, respectively.

Note that we have identified all of the elements that characterize the joint distribution as specified in (28).

4 Empirical Results

4.1 The data, equations, and estimation

The first problem we have to overcome is that few data sets contain the full life cycle of earnings along

with the test scores and schooling choices needed to directly estimate our model and extract components

of uncertainty. We need to combine data sets. In our empirical analysis, we compare two samples: the first

is the white males from the NLS/1966 data pooled with the white males of PSID born in 1952 or before.

The second sample consists of the white males from the NLSY/1979 with the white males of PSID born

in 1969 or before. In what follows we use NLS/1966 and NLSY/1979 to refer the first and second samples,

respectively.

Following the preceding theoretical analysis, we consider only two schooling choices: high school and

college graduation. As above, we use s = 0 to denote high school and s = 1 to denote college.

Tables 1 and 2 present descriptive statistics of the NLS/1966 and NLSY/1979 samples, respectively.

College graduates have higher test scores, come from better family backgrounds, and are more likely to

live in a location where college tuition is lower.

To simplify the empirical analysis, we divide the lifetimes of individuals into 24 periods. The first

period covers ages 18 to 19, the second period covers from ages 20 to 21, and so forth until the twenty-
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fourth period which covers ages 64 to 65. Aggregating ages in these periods serves two purposes. The

first is that they potentially reduce the problem of measurement error in earnings (assuming it is classical

measurement error). The second is it reduces the number of parameters to estimate. For each schooling

level s, s ∈ {0, 1}, and for each period t, we calculate the present value of earnings as of age 18, Ys,t. In

table 3 we report summary statistics for earnings in each of the 24 periods by schooling group for both the

NLS/1966 and NLSY/1979 sample. We conduct robustness tests regarding both the aggregation of ages

in periods and by changing ρ. To simplify notation drop the ‘i’ subscript. If Ys,t is generated by a two

factor model, we would write:

Ys,t

(1 + ρ)t = Xβs,t + θ1αs,t + θ2δs,t,2 + εs,t, t = 1, . . . , 24, s = 0, 1. (44)

It turns out that a two-factor model fits the data. Since the scales of the factors are unknown, it is

necessary to normalize some loadings. In this paper, we set δ1,1 = 1.

For the measurement system for cognitive ability (M in the notation of section 3) we use five compo-

nents of the ASVAB test battery: arithmetic reasoning, word knowledge, paragraph comprehension, math

knowledge and coding speed. We dedicate the first factor (θ1) to this test system, and exclude the other

from it. This justifies our interpretation of θ1 as ability. We include family background variables among

the covariates XM in the ASVAB test equations. In Table 2.2 we list the elements of XM . Formally, let

Mj denote the test score j,

Mj = XMβM
j + θ1α

M
j + εM

j . (45)

To set the scale of θ1, we normalize αM
1 = 1.

The cost function C is given by

C = Zγ + θ1αC + θ2δC + εC , (46)

where the Z are variables that affect the costs of going to college and include variables that do not affect

outcomes Ys,t, such as local tuition. We include tuition among the elements of Z but allow for a more

general notion of costs in our empirical work, including psychic costs.

18



The valuation or net utility function for schooling choice is

I = E

Ã
24X

t=1

Yc,t − Yh,t

(1 + ρ)t

¯̄̄̄
¯ I

!
− E (C| I) . (47)

Individuals go to college if I > 0. The individual decision maker is assumed to be the child although

parental resources can affect C. Cost variable C also includes the effect of ability on reducing tuition costs.

We test and do not reject the hypothesis that individuals, at the time they make college going decisions,

know their cost functions, the Z and the X, factors θ1, θ2, and unobservables in cost εC . However, they do

not know εs,t, s = 0, 1, t = 1, . . . , 24, at the time they make their educational choices.

We assume that each factor θk, is generated by a mixture of Jk normal distributions,

θk v
JkX

j=1

pk,jφ
¡
θk | µk,j, τk,j

¢
,

where φ
¡
η | µj, τ j

¢
is a normal density for η with mean µj and variance τ j and

JkP
j=1

pk,j = 1, and pk,j > 0.

As shown in Ferguson (1983), mixtures of normals with a large number of components approximate any

distribution of θk arbitrarily well in the c1 norm. The εs,t are also assumed to be generated by mixtures

of normals. We estimate the model using Markov Chain Monte Carlo methods as described in Carneiro,

Hansen, and Heckman (2003). For all factors, a three-component model (Jk = 3, k = 1, 2) is adequate.

For all εs,t we use a four-component model.1

4.1.1 How the model fits the data

To assess the validity of our estimates we perform a variety of checks of fit of predictions against the data.

We perform formal tests of equality of predicted and actual overall distributions at the 5% level, the model

marginally fails to fit the data for the overall NLS/1966 sample for 8 out of 24 periods (see table 4). For

the NLSY/1979 sample, the model is rejected in 12 out of 24 periods (see table 5). However, in both

samples, addition of factors and increment in the number of components of the mixture of normals do not

significantly improve the fit. The model fits the data better when we perform formal tests of equality of

predicted and actual distributions for each schooling choice than it does overall, suggesting the failure of

1Additional components do not improve the goodness of fit of the model to the data.
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fit is due to the failure to predict mean differences. For the high-school NLS/1966 sample the model does

not pass the χ2 goodness of fit test in two periods (see table 4), while for the NLSY/1979 it is rejected for

5 periods (see table 5). For the college distribution of earnings the model is rejected in two periods for the

NLS/1966 sample and in 12 periods for the NLSY/1979 sample.

4.1.2 Returns to College

In estimating the distribution of earnings in counterfactual schooling states within a policy regime (e.g.

the distributions of college earnings for people who actually choose to be high school graduates under

a particular tuition policy), one standard approach is to assume that both distributions are the same

except for an additive constant–the coefficient of a schooling dummy in an earnings regression possibly

conditioned on the covariates. Recently developed methods relax this assumption by assuming preservation

of ranks across potential outcome distributions, but do not freely specify the two outcome distributions

Chernozhukov and Hansen, 2005; Heckman, Smith, and Clements, 1997; Vytlacil, Santos, and Shaikh,

2005.

Tables 6 and 7 present the conditional distribution of college earnings given high school earnings decile

by decile for the NLS/1966 and NLSY/1979 samples. If the dependence across outcomes were perfect and

positive, the diagonal elements would be ‘1’ and the off diagonal elements would be ‘0.’ There is positive

dependence between the relative positions of individuals in the two distributions, and the dependence is

far from perfect. For example, for the NLS/1966 sample, 59% of the individuals who are in the first decile

of the high school present value of earnings distribution would be in the first decile of the college present

value of earnings distribution. For the NLSY/1979 sample, this figure is around 18%. The comparison of

tables 6 and 7 shows that the correlation between high school and college present value of lifetime earnings

has become weaker.

The ex post gross return R (excluding cost) is

R =
Y1 − Y0

Y0
,

Table 8 report the estimated returns to college for the college, high school and individuals indifferent

between college and high school for both the NLS/1966 and the NLSY/1979 samples. The typical high
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school student would have returns around 22.84% to a college education over the whole life cycle for

the NLS/1966 sample and around 20.55% for the NLSY/1979 sample. For the typical college graduate

this return is around 34.21% for the NLS/1966 sample and 37.40% for the NLSY/1979 sample. For the

individuals at the margin, these figures are 28% and 28.28% for the NLS/1966 and NLSY/1979 samples,

respectively. Returns to college have increased for college graduates, but not so much for the individuals

at the margin and they have decreased slightly for the high school graduates.

4.1.3 The Forecastability of Lifetime Earnings

When estimating the components in the information set of the agent at the time of the schooling choice

we test and cannot reject that the agent knows both θ1 and θ2. In tables 9 and 10 we report the total

residual variance of lifetime earnings in college, high school, and returns. We then decompose the total

residual variance between heterogeneity (the share of total unobserved variance due to the components

in the information set of the agent, θ1 and θ2) and uncertainty (share of total residual variance due to

the εs,t for s = 0, 1 and t = 1, 2, . . . , 24). In table 9 we report for the NLS/1966 sample that almost 67%

of the total variance for college earnings are actually forecastable by agents at the time of the schooling

choice. For high school graduates this figure is over 78%. The share due to uncertainty is 33% and 21.54%

for college and high school, respectively. In table 10 we report the results for the NLSY/1979 sample.

While the share of total variance remains almost constant for the college graduates, it drops around 22

percentage points for the high school graduates.

It is interesting to see what share of total variance is explained by components of the information set.

For the NLS/1966 sample we show in table 11 that about 17% of total variance of college earnings is

explained by the first factor and around 67% by factors θ1 and θ2, which - because of the independence

- means that around 50% of total variance of college earnings is explained by θ2. In high school earnings,

around 10% of total variance is explained by θ1 and around 68% by θ2. For the NLSY/1979 sample we

show in table 12 that θ1 explains around 46% of the variance of college earnings and θ2 around 65%. For

high school earnings, these numbers are around 31% and 26%, respectively.

This discussion sheds light on the issue of distinguishing predictable components of heterogeneity from

uncertainty. In figures 1 (NLS/1966 sample) and 2 (NLSY/1979 sample) we plot the densities of high

school present value of earnings by controlling and not controlling for the unobservables that are in the
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information set of the agent. The density with large variance is the case in which we do not separate

heterogeneity from uncertainty. The density with small variance is the one generated by the elements

not in the information set of the agent. Figures 3 and 4 repeat the exercise for the density of college

present value of earnings, while figures 5 and 6 show the results for college returns ∆ = Y1 − Y0. We have

demonstrated that there is a large dispersion in the distribution of the present value of earnings. This

dispersion is largely due to heterogeneity, which is forecastable by the agents at the time they are making

their schooling choices. The remaining dispersion is due to luck (uncertainty) or unforecastable errors

regarding the coefficients as of age 19. Since any measurement errors in ex post earnings are allocated to

uncertainty, our estimates arguably underestimate the degree of predictability of future earnings known to

the agents at age 19.

4.1.4 Robustness Checks

We have assumed throughout the paper that agents have a rate of intertemporal subsitution ρ equal to 3%.

In table 13 we repeat the results from table 9 and 10 for the cases in which ρ is equal to 2%, 4% or 5% (we

also reproduce the baseline results for ρ = 3%). As we increase the rate of intertemporal preference, the

share of total residual variance that is due to forecastable components seem to decrease. However, there is

very little variation around the baseline case and we believe that the results are robust to different values

of ρ.

Let x denote the earnings of an individual that works part time for 50 weeks of the year and receives a

hourly wage rate of half the minimum wage. For the minimum wage in 2000, this value x corresponds to

roughly two thousand five hundred dollars. For the estimation of the model we dropped observations below

this value x. In table 14 we conduct a robustness check by considering two other thresholds. First, we

dropped only the observations of earnings below five hundred dollars. Second, we estimated the model by

dropping all of the earnings below five thousand dollars. The results appear to be robust to these different

values.

In table 15 we ask whether simpler methods (under some information set assumption) could approxi-

mate the shares of total variance due to heterogeneity and uncertainty. For both the NLS/1966 and the

NLSY/1979 samples we used fixed and random effects estimation strategies and we assumed that the fixed

or random effect were known by the agent, while the remaining residual term was unknown by the agent.
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The results reported in table 15 show that these methods tend to overpredict the share due to uncertainty,

especially for high school earnings.

5 Summary and Conclusion
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